In this paper, the state of the art of macroscopic vehicle traffic flow models is discussed and the traffic flow stability of these models is analyzed. A nonlinear traffic flow stability criterion is investigated using the wavefront expansion technique. Qualitative relationships between traffic flow stability and model parameters are derived for an entire class of second-order macroscopic traffic flow models. Numerical results are obtained using the CLAWPACK package for the well-known PayneWhitham (PW) model, in order to illustrate the stability criterion. The newly derived stability results are consistent with previous reported results obtained using both microscopic models and approximate linearization methods. Moreover, the stability criteria derived in this paper can provide more refined information regarding the propagation of traffic flow perturbations and shock waves in second-order models than previously established methodologies.
Introduction
Traffic flow stability is an important subject because congestion caused by an unstable traffic stream degrades the performance of road transportation networks. There is a large body of research that deals with the stability of traffic flow. (11 discussed traffic stability for various well-known microscopic traffic flow models, i.e. car following models.
[2] presented a stability criterion for a well-known second-order macroscopic traffic flow model, known as Payne-Whitham (PW) model. (31 introduced a formal definition of traffic flow stability (based the on macroscopic traffic flow description) and related it to string stability (based on a car-following model). In [4], traffic stability analyses are presented for a new secondorder continuum traffic model introduced in that paper and for the PW model. Most of these previous works are based on deterministic traffic models. Recently, [5] discussed the propagation of perturbations in dense traffic flow using a stochastic approximation approach and a microscopic model.
In this paper, we focus on the discussion of traffic propagation stability, namely, whether a traffic perturbation either forms a shock wave or decays to its equilibrium state during its propagation along the highway. Moreover, we also analyze the relationship between the traffic propagation stability and the equilibrium traffic density and velocity for various second-order traffic models. To accomplish these goals, we apply a wavefront technique to traffic systems, which results in a generalized stability criterion that applies to an entire class of secondorder models. This stability criterion is compared with the macroscopic model criteria given in [2] and other subsequent works for a few second-order models, and the conditions for stability or instability are shown to be consistent. The previous stability results are based on linearization methods for small magnitude perturbations, whereas the wavefront expansion technique presented in this paper accurately captures the nonlinear dynamics at the wavefront for large perturbations. Another valuable fact that we find in this study is that the magnitude of the moving downstream wave propagation, which was criticized by [6] m a major deficiency of most second-order models, decays quickly under certain conditions. Therefore, we believe that the effect of such a deficiency in some second-order models may not be significant, under a proper choice of model paramo ters. Some numerical examples illustrate this finding for the P W model. This paper consists of six parts. In section 2, several different macroscopic traffic flow models are reviewed and a definition of stability of traffic flow is presented. Section 3 discusses the traffic flow characteristics. The stability results are presented in section 4. Section 5 presents some numerical examples to illustrate the stability results in section 4. Concluding remarks are presented in section 6.
Macroscopic Traffic Flow Models and Stability
In the past 50 years, a significant amount of research has been done on macroscopic modeling of traffic flows. In this paper we consider only a one lane highway without any on-or off-ramps.l. Let p(s,t) denote the highway density, q(s, t ) the flow and v(s, t ) the traffic velocity at position z along the highway at time t , respectively.
We can drop this assumption by adding relaxation terms in the conservation laws.
Note that the traffic velocity v(x, t ) is the average speed of all individual vehicles on the highway around 2 [7] . For various macroscopic models, the traffic pressure 
3-Setting p =
the model given in [lo] .
In this paper, we mainly focus on the following definition of tm@c flow propagation stability. 
In this any shock wave along the wavefront for every perturbed
Each of these models has been tested either in simulapaper, we are not going to discuss which model is the most accurate to fit real traffic measurements. Instead, to study traffic behaviors.
In this paper we prefer to use the definition of the traffic propagation stability instead of other definitions of stability like the one in [3] because normally transportation engineers refer to traf€ic instability to the formation of a shock wave, which is the propagation stability defined in this paper. In the rest of this paper, we will refer to traffic stability as traffic propagation stability. It is important to distinguish between small and large perturbations in the stability analysis of traffic systems (see Fig. 2 
Traffic Flow Characteristics
To discuss traffic flow stability we need to first investigate the characteristic velocity of a traffic system given by Eqs.
(1) and (2). From now on, we use shortened notation to denote partial derivatives, for example, pz := %. We also assume that the traffic pressure function P(p,u) : W+ x W+ H E 3 is smooth, i.e. To admit discontinuous solutions (shocks) for p(z, t) and v(z, t), which are observed in real traffic flow, it is necessary that the coefficient matrix be singular. Therefore, the characteristic velocities U, are given by
For each of the different models discussed above, the characteristic velocities have the following formulae:
1. For the PW model, P = -w, then from Eq. Even though there is such a major deficiency as discussed above, we investigate the stability conditions for the various second-order traffic models in this paper because, most second-order models have been applied to either simulation tests or real traffic measurements and have been validated to capture some important properties of traffic systems. More importantly, in this paper we find that, for most second-order traffic models, the perturbation that travels faster than traffic decays quickly. Numerical examples in section 5 illustrate this fact. Therefore, we believe that the effect of such a deficiency in some second-order models may not be significant under proper tuning of the model parameters.
Stability Results
In this section we discuss the propagation stability conditions for second-order traffic flow models (Eqs. (1) and (2)) under large perturbations. Here we consider a fairly large perturbation around the equilibrium density pe and average velocity V,. It is particularly convenient to expand the solution of the system around the wavefront in powers of
5This assumption can be generalized. For example, if the mth derivatives of p and v are the first ones to be discontinuous, the expanded power series (Eqs. (11) and (12)) beyond po and uo start with the term in C".
where the wavefront has the characteristic velocity U, at the equilibrium states, i.e.
Using Eq. (9) , we can expand the flow variables p and v behind the wavefront in a power series of C as 1 P(. , t ) = Po + <Pl(t) + 5C2p2 (t) + . . . (11) where Using Eqs. (11) and (12), we obtain Substituting Eqs. (13) and (14) into Eq. (2), for the CO- efficients of the first two terms Co and <', we obtain Table 1 shows the stability conditions of the system given by Eq. (16) . Moreover, the solution of the Riccati equation (16) is given a s   ( X ( t ) -4 ) where q(0) is the initial condition for q ( t ) at t = 0.
For the second-order traffic flow models that were discussed in section 2, we can use the above results to calculate the stability criterion for various models. (17) for q(0) 2 -5. We can thus neglect the effects of the forward moving branch of the perturbation for most second-order traffic models though these perturbations do not take place in actual traffic.
In the following, we consider the solution branch for which the characteristic velocity W O + u 0 2 satisfies u02 < 0, i.e. the upstream moving branch.
For the PW model, P = -y, uo2 = -d T , and
Thus, for traffic flow perturbations, from Table 1, in order to have stability for any initial condition q ( 0 ) > Since / 3 > 0, a > 0, the slope of the perturbations around the wavefront converges to zero for q(0) > -5, according to Table 1 . This result is similar to the stability criterion found in [4] . In 141 the author claimed that the new model was "inherently stable, as is the LWR model, in the sense that the magnitude of a small disturbance in the traffic stream does not grow without a bound". A linearized approximation was used to find the stability result in [4] . However, the stability results that were derived in this section for Zhang's model are more precise since the slope magnitude of the disturbance does asymptotically converge to zero.
Numerical Examples
In this section we illustrate the results of the previous section with some numerical examples. Computing numerical solutions for conservation equations such as Eqs. (1) and (2) is difficult because of the subtlety of capturing discontinuous solutions such as shock waves. Recently, accurate numerical methods for conservation laws have been developed. CLAWPACK is based on the wave propagation algorithms, which is one of these methods [16] . Rewriting the macroscopic traffic model In what follows, we apply this numerical scheme to the PW model. For the PW model, the parameters and fundamental diagram are taken as [17] We design the following steady-state density profile as an initial condition to test the above results.
(23)
where L = 15 km is the length of the highway. In our computations, we assume that the highway is long enough so that we do not need to feed the specific boundary conditions, and zero order extrapolation is used instead ' . ' The first scenario is a simulation of a stable situation. We choose the following initial conditions in Eq. From above two examples, we observe that there are two perturbed waves generated by the initial conditions: one is moving forwards and the other backwards. The magnitude of the forward wave is much smaller than that of the backward wave. Moreover, the forward wave disappears quickly and the backward wave does not.
Conclusions
In this paper we discussed the traffic flow propagation stability using a nonlinear stability analysis technique.
A generalized macroscopic traffic model was used for nonlinear stability analysis through the wavefront expansion method. A generalized stability criterion for macroscopic stability was proposed. For various macroscopic models we calculated the stability conditions and compared them with those that were obtained through linearized analysis by previous authors. We found that the proposed stability analysis yields the same conditions as previously obtained results, in the case where ~~~ ~~ sWe can apply other boundary conditions. However, in this paper, we only test the stability criterion. such results existed, However, the nonlinear stability analysis in this paper gives more precise local stability information along the perturbation propagations than the approximate linear stability approach of previous approaches. Moreover, stability conditions were obtained for some models, which were not previously analyzed using linearization techniques. Some numerical examples have been presented to validate the theoretical results.
The stability condition found in this paper can be further used for prediction of traffic stability and to perform a qualitative analysis of the relationships between traffic behaviors and traffic model parameters and structures.
